Appendix A 
Kronecker Product 


A.1 Definition 


Let A bea n x n matrix (with entries a; jJ and let B be a m x m matrix. Then the 
Kronecker product of A and B is the mn x mn block matrix 


a,,B tia a,4,B 
A@B=| : —. : |. (A.1) 
aB +++ a, B 


The Kronecker product is also known as the direct product or the tensor product 
[112, 345, 224]. 


Er 
Z—XQGQyc-((uyp Xa sso XnYp so XnYm) > (A.2) 


(A & B)z = (A 8 B)(x 8 y) = (Ax) & (By). (A.3) 


A.2 Fundamental Properties 


1. The product is bilinear. If k is a scalar, and A, B, and C are square matrices, such 
that B and C are of the same dimension, then 


A®(B+C)=A@B+AQC, (A.4) 
(B+C)@A=Be@A+S+CB@A, (A.5) 
k(A& B) = (kA) & B = A & (kB). (A.6) 


2. If A, B, C, and D are square matrices such that the products AC and BD exist, 
then (A & B)(C & D) exists and 


(A & B)(C & D) = AC & BD. (A.7) 


V. Méndez et al., Reaction-Transport Systems, Springer Series in Synergetics, 421 
DOI 10.1007/978-3-642-11443-4, O Springer-Verlag Berlin Heidelberg 2010 


422 Appendix A 


If A and B are invertible matrices, then 


(A@B) =A! 8B. (A.8) 
3. If A and B are square matrices, then for the transpose we have 

(A@B)' =A’ 8B”. (A.9) 
4. Let A and B be square matrices of dimensions n and m. If (A;|i = 1,...,n} 
are the eigenvalues of A and {u;lj = L....mj are the eigenvalues of B, then 

Un;li =1,...,n, j= 1,...,m} are the eigenvalues of A & B. Also, 
det(A & B) — (det A)" (det B)", (A.10) 
rank(A & B) = rank A rank B, (A.11) 


tr(A & B) = trA trB. (A.12) 
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